An adaptive refinement procedure for the coupled boundary element-reproducing kernel particle method (coupled BE-RKPM) is suggested. The procedure is developed by combining a h-adaptive BEM refinement scheme based on the residual approach and an adaptive RKPM refinement scheme based on an extraction type a posteriori error estimator. During the adaptive refinement process for the coupled analysis, the displacement compatibility condition along the interface boundary of the BEM and the RKPM domains is maintained by using a penalty approach and a simple node spacing adjustment procedure. Thus, no specially formulated finite element is required along the interface boundary between the RKPM and the BEM domains. Numerical examples show that the suggested procedure significantly reduces the effect of singularity and nearly optimal convergence rate is obtained.
INTRODUCTION
In recent years, due to the rapid development of the meshless methods such as the reproducing kernel particle method (RKPM) [1] , much work has been done in the coupling of the FEM and the meshless methods [2] [3] [4] and also the BEM with the meshless methods [5] [6] [7] . The main advantage of these coupling procedures is that the more expensive FEM or meshless methods can be applied to only a small but critical sub-domain, such as region near a crack tip, while the BEM is used in the remaining part of the infinite or semi-infinite domain. Since in many cases the coupled methods are employed for solving of problems with high accuracy requirement, adaptive refinement is also an important topic of research for both the meshless methods and the coupled method. Early work on the research of the adaptive meshless methods can be found in the publications by Liu et al. [8, 9] , while efforts to develop adaptive coupling pro-cedures were reported in references [10] and [11] . The main objective of this paper is to suggest an adaptive refinement procedure for the coupled BE-RKPM developed by the authors [7] . In the suggested procedure, adaptive refinement in the RKPM domain will be carried out using the procedure developed in references [12] and [13] while the bisection procedure developed by Chen et al. [14] will be employed for the refinement in the BEM domain. In the next section, a brief description on the modelled problem and the coupled BE-RKPM used will be given. It is then followed by the reviews on the a priori and a posterori error estimations for the coupled BE-RKPM. In Section 4, the adaptive refinement procedure for the coupled BE-RKPM will be described. Numerical examples are employed in Section 5 to demonstrate the efficiency of the proposed adaptive procedure and finally conclusions of the study will be given.
FORMULATIONS FOR THE BEM, THE RKPM AND THE COUPLED BE-RKPM 2.1. The Modelled Problem
The model problem considered is the 2D elastostatic problem over the domain with boundary = u ∪ t defined by the equation
such that u ∩ t = ∅ and u =ū, on the essential boundary u Tσ = T DLu =t, on the natural boundary t (1b)
In Eq. (1), σ and b are the stress tensor and the body force vector, respectively.ū andt are the prescribed displacements and tractions. L and T is a linear operator and a directional matrix, respectively, and they are defined as
263 D is the material matrix depends on E, the Young modulus and ν, the Poisson's ratio.
The RKPM Formulation Employed
In the RKPM an approximation u R to u is constructed by employing a discrete corrected kernel in the form
where NP is the number of nodes in the mesh. N R i andû R i are, respectively, the shape function and the nodal parameter of node i.
A i is the area of i , the domain of influence of node i with support size h i . N R is the matrix of the RKPM shape functions and u R is the vector of nodal parameters. In the RKPM, the essential boundary condition is enforced by the penalty method [7] . The final system of equations for the RKPM can be expressed as
and
In Eq. (4b), the factor α = 5 × 10 6 E is the penalty term to enforce the essential boundary condition. Afterû R is solved, the RPKM stress σ R is computed as
The BEM Formulation Employed
In the BEM formulation, Eq. (1) is rewritten in terms of the virtual displacement u * , the virtual surface traction t * and the fundamental solution ∇σ * + δ i = 0 where δ i is the Dirac delta function as
u and t are approximated as
where N (7) into Eq. (6), the final system of equations for the BEM can be expressed as
Afterû B andt B are solved, the BEM stress σ B can be computed as
where Ψ B and Φ B are boundary integral operators depend on the fundamental solution and the body force term [12] .
The Couple BE-RKPM
In the directly coupling BE-RKPM formulation [7] , the problem domain is partitioned into two disjoint subdomains and u R B , the displacements along R B can be expressed as
TûC (12) where N R B andû R B are the RKPM shape functions and the nodal parameters along R B , respectively. N C andû C are, respectively, RKPM shape functions and nodal parameters associated with some nodes near R B since the RPKM shape functions lack the Konecker delta function property. The equations system for can be expressed as (c.f. Eq. (4)) 
, t R B and u R B , respectively, the equations system for B can be expressed as (c.f. Eq. (8))
Since botht R B andû R B on R B are unknowns, Eq. (16a) could not be solved directly and it is required to relate u R B with t R B . Towards this end, by using the unit displacement method [7] , the relationship betweent R B andû R B can be written aŝ
where the matrix W R B and the vectort 0 can be computed from the known terms
A PRIORI AND A POSTERIORI ESTIMATIONS 3.1. A Priori Error Estimation for the Coupled BE-RKPM
The error in stress e σ is defined as the difference between the exact and the computed stress
h is the stress obtained by either the RKPM or the BEM. The energy norm of the exact solution u , and the energy norm of the error e u , are defined as
In practice, the relative error in energy norm, η, defined as
is adopted as a measure of the accuracy of the solution. With the definition of the error norm, the a priori error estimation for the coupled BE-RKPM can be summarized as
where C is constant independent of the overall convergence rate γ and NDOF, the total numbers of degree of freedom. It can be shown that for problems with singularity under uniform refinement, γ will be given by [7] λ/2 < γ < λ
where λ<0.5 is the strength of singularity of the exact solution. However, the value of γ can be improved by using an adaptive refinement to obtain a mesh with an equilibration of error among all the degree of freedoms. In this case, if the singular point is located inside R , γ will be given by
where p R is the order of approximation for the RKPM.
A Posteriori Error Estimation for the RKPM
In this study, the Z-Z approach [13] is adopted for the a posteriori estimation for the RKPM solution. The basic idea of the Z-Z approach is to replace the exact stress field in Eq. (20) with a recovered stress fieldσ R such that the estimated error norm ē R u is computed as
In this study, an extraction approach [12] is employed to recover the stress at all RKPM nodes so that
) are two local extraction operators similar to the integral operators Ψ B and Φ B used in the stress evaluation of the BEM (Eq. (9)). r R,i is the size of therecovery subdomain for node i, which is a function of the support size h i .σ R (x, y), the recovered stress at a point (x, y) is constructed by re-using the shape functions of the RKPM such that
A Posteriori Error Estimation for the BEM
In this study, the method suggested by Chen et al. [14] is adopted for the a posteriori estimation for the BEM solution. Firstly, the direct boundary stressσ
T at a given boundary point p (Figure 2 ) is computed by the following steps. 
Secondly, the residual of boundary stress at point p, e B R (p), is defined as the difference between the exact boundary stress
and the residual norm, e B R
, over is defined as [14] (c.f. Eq.
At point p, a more accurate recovery stressσ B ( p) can be extracted by using Eq. (9) so that 
ADAPTIVE REfiNEMENT PROCEDURES 4.1. Adaptive Refinement for the RKPM Region
In this study, the procedure described in [13] is employed for the refinement of the RKPM mesh for R . During the adaptive refinement analysis, the exact energy norm u R will be approximated by u R R , the energy norm of the recovered stress (c.f. Eq. (19))
and the estimated relative errorη RKPM will be computed as
In Eq. (34), χ =1.2 is a compensational factor employed to improve the efficiency of the refinement procedure [13] . The objective of an adaptive refinement is to achieve an RKPM solution with relative error less than a user prescribed target η R target such thatη
From Eq. (35), the global refinement indicator, ξ R g can be defined as
A value of ξ R g ≤1 implies that the target accuracy is satisfied.
Otherwise, further refinement is needed. In case that refinement is needed, a local refinement indicator is computed by first using the partition-of-unity property of the RKPM shape functions to define the estimated error norm contribution [13] associates with the ith node ē R i
Then, by imposing the equilibration condition of ē R i among all the nodes for an optimal mesh,
the local refinement indicator for node i,ξ R i , can be defined as
A value of ξ R i >1 means that the mesh requires local refinement at node i.
With the definition of the global (ξ will be computed as [13] will be fed into a point mesh generator [15] for new point mesh generation.
Adaptive Refinement for the BEM Region
In this study, the procedure described in [14] is employed for the refinement of the BE mesh for B . In the BEM, the total boundary energy norm u is defined as (c.f. Eq. (19))
During the refinement, the exact total boundary energy norm will be approximated by the total boundary energy norm of the recovery stressσ
The estimated relative residual error of the BEM solutionη BEM is defined asη
where ē
B R
is the estimated residual norm (Eq. (32)). The objective of the adaptive refinement is to achieve a BEM solution withη BEM less that a user prescribed target η 
Nodes Size Adjustment Along Interface Boundary
From Section 2.4, in the coupled BE-RKPM, the displacement compatibility condition along the interface boundary R B is enforced in a weak sense. Thus, it is required that the size of BE along B R and the RKPM node spacing near R B should be of the same order. Hence, if h i and L j are the RKPM node spacing near R B and the size of BE along B R , respectively ( Figure 3) . It is expected that during any refinement 
ON ADAPTIVE REFINEMENT ANALYSIS FOR THE COUPLED BOUNDARY ELEMENT METHOD
Equation 48 can be enforced by making the end points of all BEs coincide with the RKPM nodes on R B . However, such requirement is not flexible in practice since different algorithms are often employed for the discretizations of B and R . In this study, a simple procedure summarized below is adopted to adjust the RKPM node spacing near R B before the new point mesh is generated:
and L j by the procedures described in Sections 4.1 and 4.2, respectively.
(ii) All the BE and their end points e j that are lying along such that
where L j and L j+1 are the size of boundary element adjacent to e j (Fig. 3) .
Adaptive Refinement for the Coupled BE-RKPM
Based on the adaptive refinement strategies for the RKPM (Section 4.1) and the BEM (Section 4.2), together with the interface node spacing adjustment procedure (Section 4.3), the suggested refinement strategy for the coupled BE-RKPM can be summarized as follows: 
NUMERICAL VALIDATIONS
In this section, the following two classic benchmark problems with singularity are employed to validate the performance of the adaptive refinement procedure for the coupled BE-RKPM.
Problem 1: Domain near a crack tip (convex domain)
In the first problem, the domain is a region near the tip of a crack (Figure 4 ) loaded by tractions corresponding to the first symmetric mode of the stress intensity factor solution [16] :
Due to symmetry, only half of the domain is modelled and the exact solution of this problem contains a singularity at (0, 0) with λ = 0.5.
Problem 2: L-Shaped Domain (concave domain)
In the second problem, a L-shaped plane ( Figure 5 ) loaded by tractions which satisfy equilibrium corresponding to the following exact stress solution [17] 
Adaptive coupled BE-RKPM meshes used for Problem 1.
is considered. In Equation 51, Q = 0.543075579 and λ = 0.544483737 is the strength of singularity at point C. Note that rigid-body constraints are applied at points C and F. For both problems, linear RKPM with p R =1 and linear BEM are applied. Both uniform and adaptive refinements are carried out. The initial meshes used and the partitions of the problem domain are shown in Figures 6a and 8a for Problems 1 and 2, respectively. Note that the partitions of the problem domains are unchanged during all refinements and the singularity of the problem is located inside R . For uniform refinement, successive meshes are obtained by reducing the elements size and node spacing uniformly. For adaptive refinement, adaptive meshes are generated by applying the procedure described in Section 4. Values for the target relative error for the RKPM (η R target ) and target relative residual error for the BEM (η B target ) are set equal to 5% while the maximum number of refinement allow (NMAXR) is set equal to 3.
In order to assess the performance of the adaptive refinement procedure, the exact relative error of the coupled BE-RKPM solution for the whole problem domain η (Eq. (21)) is computed. In addition, the overall convergence rate R, defined as
is also computed. Since linear formulations are used in both the BEM and the RKPM, for uniform refinement, the convergence rate will be given by
If the adaptive refinement can eliminate the effect of singularity, it is expected the convergence rate will be improved to The adaptive meshes generated and the convergence history are shown in Figures (6-9) while the properties of the uniform and adaptive meshes generated are summarized in Tables 1 and 2 . From the numerical results, it can be seen for uniform refinement that the convergence rate is significantly reduced by the singularity. For adaptive refinement, the convergence rate is much improved and a nearly optimal value of R ≈ 0.4 is obtained.
Figures (6) and (8) meshes are adaptively refined at region near the singularity. As a result, it can be concluded that the adaptive refinement procedure can largely reduce the effect of singularity.
CONCLUSIONS
In this paper, an adaptive refinement procedure for the coupled boundary element-reproducing kernel particle method (BE-RKPM) is suggested. A h-adaptive scheme based on the residual method is adopted for the refinement of the BEM while an adaptive scheme based on an extraction type a posteriori error estimator is used for the refinement of the RKPM. The displacement compatibility condition along the interface boundary is enforced in a weak sense by using a penalty approach and a simple node spacing adjustment procedure. As a result, no special interface finite element is needed along the interface boundary between the RKPM and the BEM domains. Numerical examples given demonstrated that the suggested procedure can largely reduce the effect of singularity and nearly optimal convergence rate is restored in examples contain singular point.
